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ABSTRACT: We have investigated the thermally induced bending deformation of nematic elastomers with
hybrid alignment (HNEs) where the director continuously rotates by 90� (from planar alignment to vertical
alignment) between the top and bottom surfaces. The flat specimen of nematic gel in the preparation state
exhibits a considerable bending when allowed to deswell to the dry state. The curvature of the dried elastomer
filmmarkedly depends on temperature. The curvature in the nematic state increases with heating, and the film
apparently becomes flat at a certain temperature. Further heating induces the bending in the opposite
direction. In the high-temperature isotropic state, the curvature is independent of temperature. This bending
deformation is thermally reversible. We successfully interpret the temperature dependence of curvature for
theHNEs assuming a linear variation of strain in the thickness direction on the basis of the thermally uniaxial
deformation of the nematic elastomers with globally planar or vertical alignment. We also conduct a nume-
rical simulation on the basis of a nonlinear elasticity model to reproduce the observation. The simulation
using the material parameters that are almost identical with the corresponding experimental values explains
the phenomenon and demonstrates the stress and strain distribution in the curled HNEs.

Introduction

Liquid crystal elastomers (LCEs) are unique materials with
the strong coupling of molecular orientation and macroscopic
shape.1,2 This coupling results from the hybrid character of liquid
crystals and rubbers. A fascinating feature of LCEs is thermally
induced large deformation. A change in molecular orientational
order induced by temperature variation drives a macroscopic
deformation. The type of thermal deformation depends on the
induced change in type and degree of orientational order. For
example, nematic elastomers with planar orientation exhibit
uniaxial deformation,3-6 and several main chain type nematic
elastomers show a large strain of>100%when they undergo the
nematic-isotropic transition.7-10 The smectic elastomers under-
go ca. 35% shear strain at the A-to-C transition.11 In these cases,
the elastomers have a uniformconfigurationof director. Inhomo-
geneous thermal deformation such as bending and torsion is
expected to be achievable by utilizing nonuniform configuration
of director. Use of nonuniform director configuration expands
the variety of thermal deformation mode of LCEs.

Bending is an interesting mode among inhomogeneous defor-
mation from the viewpoint of application of LCEs to soft actua-
tors. A finite difference of local uniaxial strain between top and
bottom surfaces of the LCE films leads to bending deformation.
Several researchers observed bending deformation by creating a
finite gradient of temperature12 or light intensity13-16 through the
thickness for the films that originally had no gradient of director
orientation. Another approach is to produce LCE films that
inherently have a finite director gradient in the thickness direc-
tion. In the case of what is called “hybrid alignment” (Figure 1),
the director continuously rotates by 90� (from planar alignment
to vertical alignment) between top and bottom surfaces of films.

The LCE films with hybrid alignment are expected to exhibit ther-
mally induced large bending as a result of a change in the degree
of local nematic order. Broer et al.17 made the LC networks with
hybrid alignment and observed a temperature-driven curling. It
should be noted that their LC network films were substantially
glassy not elastomeric because of the high cross-link concentra-
tion, whichwas evident from the high elasticmodulus on the order
of gigapascals. This is because the authors aimed to enhance the
force generated by bending. In the glassy state, there is no pro-
nounced coupling ofmacroscopic shapewith orientational order,
and the degree of local nematic order is not sensitive to tempera-
ture. As the authors stated,17 the bending originates from a
gradient of thermal expansion coefficient in the thickness direc-
tion due to anisotropic orientation. In the LCEs with hybrid
alignment, the strong coupling of director configuration with
deformation is expected to boost the thermally driven bending
dramatically.However, to our knowledge, no corresponding experi-
mental survey has been reported.

In the present article, we prepare the nematic elastomers with
hybrid alignment (HNEs) and evaluate the curvature as a func-
tion of temperature (T).We demonstrate that the thermally indu-
ced bending in the HNEs is substantially larger than that in the
glassy LC networks reported in the previous study. We correlate
the T dependence of curvature for the HNEs with the thermally
uniaxial deformation of the corresponding nematic elastomers
with planar or vertical alignment. We also conduct a numerical
simulation on the basis of a nonlinear elasticity model for further
understanding of the physics of the phenomena and for demon-
strating the stress and strain distribution in the curled HNEs.

Experimental Section

Sample Preparation. The side-chain-type LCE films were
prepared by the photopolymerization of the monoacrylate
mesogenic monomer (A-6OCB) (Figure 2) and 1,6-hexanediol
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diacrylate (cross-linker) using bis(cyclopentadienyl)bis[2,6-difluoro-
3-(-pyrryl)phenyl]titanium (Irgacure 784) as a photoinitiator.
The mixing of A-6OCB with a miscible nonreactive mesogenic
solvent 4-n-hexyloxy-40-cyanobiphenyl 6OCB (A-6OCB/6OCB
5:4 by weight ratio) was required to broaden the temperature
range of the nematic phase because pure A-6OCB exhibits the
nematic phase within a narrow temperature range owing to the
high crystallizability. The cross-linker concentration was 7 mol
% in feed. The photopolymerization was performed in a glass
cell by the irradiation using xenon lamp with emission at a
wavelength 526 nm for 20min at 313K in the nematic state. The
cell gap was 42 or 97 μm, and the irradiation time was 20 or
40 min, respectively. For the preparation of the nematic elasto-
mers with hybrid orientation (HNEs), the surfaces of the upper
and bottom substrates were coated with different types of
polyimide layer to induce planar and vertical mesogen align-
ment, respectively. For the preparation of the nematic elasto-
mers with globally planar or vertical orientation (PNE or VNE,
respectively), both substrates were coated with the same type of
polyimide layer. After the irradiation, the resulting gel films
were detached from the substrates by immersing the cell in
dichloromethane for several days. The detached films were
allowed to swell in dichloromethane to wash out the unreacted
materials and nonreactive solvent. The swollen films were
gradually deswollen by increasing the methanol content in the
swelling solvent. The LCE films were obtained by drying the
deswollen gels in air. Although this deswelling process induced a
curling, the films became flat at a certain temperature (Tflat),
which will be shown later. At Tflat, the rectangular specimens
for the thermal deformation experiments were cut out from
the sheet so that one dimension could be parallel to the rubbing
direction.

Measurements. The thermal deformation of dry HNEs was
observed with an optical microscope equipped with CCD
camera using the geometry shown in Figure 3. The dimen-
sions of the rectangular specimens were ca. 2.5 mm in length
and ca. 0.5 mm in width. One end of the specimen was atta-
ched to a Teflon plate, and it was immersed in a temperature-
controllable bath of a silicone oil that was a nonsolvent for the
specimen. The thermal deformation of dry PNE and VNE
with a length of ca. 2 mm was observed by means of the opti-
cal microscope with a Mettler FP-82 hot stage. The film
thicknesses (t) of HNEs, PNE, and VNE were measured
using a laser displacement sensor LT-9500 and LT-9010 M
(KEYENCE). For HNEs showing a thermal bending distor-
tion, t was obtained at 338 K, where the films became flat and
the t values for PNE and VNE were measured at 403 K in the
isotropic state.

The anisotropic dimensional changes in PNE and VNE during
the deswelling process, that is, from the preparation (cross-
linking) state containing solvent (ca. 50 wt %) to the fully dry
state, were characterized with the optical microscope and the
laser displacement sensor. The dimensional ratios parallel ( ))

and normal to the (^) director (denoted asR ) andR^, respectively)
were defined as

R ) ¼
l ), d

l ), 0
ð1Þ

R^ ¼ l^, d

l^, 0
ð2Þ

where ld and l0 are the dimensions in the dry state and the pre-
paration state, respectively. The lengths ld an l0 were measured
at T0=313 K, where the cross-linking reaction was conducted.
The values of t, R ), and R^ for each specimen are tabulated in
Table 1.

Results and Discussion

Thermally Induced Bending of HNEs. Figure 4 shows the
optical micrographs of the bending deformation of HNE-83
induced by temperature variation. The films in the high-
temperature isotropic state considerably curl. No appreci-
able shape variation occurs at the temperatures in the
isotropic state. When the specimen undergoes the isotro-
pic-to-nematic transition, the curling starts to become small.
At a certain temperature around 338 K, the bending totally
disappears, and the specimen becomes flat. Further cooling
drives a bending in the opposite direction, and the bending
increases with decreasing temperature. A movie of the
thermal bending deformation of HNE-83 is available in the
Supporting Information.

The radius of the curvature (r) at each temperature was
evaluated by video analysis, that is, by superposing a circle
with a radius of r on the outline of the specimen. Figure 5
displays the temperature dependence of the curvature 1/r for
HNE-36 and HNE-83. Because the bending direction
changes depending on the temperature region, as shown in
Figure 4, we define the curvatures at the high and low
temperatures to be positive and negative, respectively, for
the sake of convenience. Evidently, the curvature ismarkedly
temperature-dependent in the nematic state, whereas it remains
constant in the isotropic state. Almost no difference is obser-
ved in the curvature-temperature profiles obtained in the
heating and cooling processes. Importantly, both sam-
ples become flat (1/r=0) at almost the same temperature,

Figure 1. Schematic of hybrid orientation. Arrows show local directors.

Figure 2. Chemical structures of reactive LC monomer and cross-
linker.

Figure 3. Experimental setup for observation of the bending deforma-
tion.

Table 1. Film Thickness, Transition Temperature, and Principal
Ratios in Deswelling for Each Specimen

thickness (μm) TNI (K) R ) R^

HNE-36 36a 363
HNE-83 83a 361
PNE-30 30b 375 0.84 0.63
VNE-29 29b 375 0.87 0.71

aMeasured at 338 K in the flat state. bMeasured at 403 K in the
isotropic state.
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Tflat=338 K, whereas the curvature |1/r| of HNE-36 at each
temperature is larger than that of HNE-83. It should be
noticed that Tflat is different from the preparation (cross-
linking) temperature (T0=313K). The stage of cross-linking
in the presence of solvent (ca. 50 wt %) at T0 corresponds to
the initial flat state with hybrid alignment, but the subse-
quent deswelling to the dry state results in a bending defor-
mation due to a finite strain gradient caused by anisotropic
shrinking. In general, the shape variation accompanying the
volume change in nematic gels with global director is con-
siderably anisotropic,18,19 which is shown in Table 1:R ) 6¼R^
for PNE and VNE. In fact, the dry HNE films around the
cross-linking temperature (T0 = 313 K) exhibit a marked
bending, which can be seen in Figure 5.

Figure 6 illustrates the mechanism of the bending defor-
mation of HNEs. The bending results from a finite gradient
of strain (εx) in the thickness direction (z axis). In the present
case, the bending deformation is composed of the two effects,
that is, deswelling and temperature variation. As mentioned
above, the anisotropic shrinking from the flat gel state to the
dry state induces a bending deformation. The temperature
variation in the dry state considerably influences the local
nematic order. An increase in local nematic order induced by
cooling results in an elongation at the surface with planar
alignment as well as a contraction at the surface with vertical
alignment. Heating leads to the opposite effect. The magni-
tude of the thermal bending, d(1/r)/dT, is roughly evaluated
to be ca. 2� 10-1 mm-1 K-1 for HNE-36. This is about two
orders of magnitude larger than that (ca. 1� 10-3 mm-1 K-1)

reported for the highly cross-linked LC film having hybrid
alignment17 with almost the same thickness (40 μm). As is
mentioned in the Introduction, their specimens are substan-
tially in the glassy state with a modulus on the order of giga-
pascals. Their glassy films have a finite gradient of thermal
expansion coefficient in the thickness direction but without
pronounced coupling of local nematic order with macro-
scopic shape. In contrast, the temperature change consider-
ably influences the nematic order in the present elastomeric
films with a Young’s modulus on the order of 104 Pa. The
strong coupling between nematic order and strain in LCEs
boosts a change in the strain gradient driven by temperature
variation.

Correlation of the T Dependencies of Curvature in HNEs
and Uniaxial Strain in PNEs and VNEs. In the case of elasti-
cally isotropicmaterials with sufficiently small thickness (t, r)
(Figure 7), the strain εx is expressed as

εxðzÞ ¼ z - zn

r þ zn
� z - zn

r
ð3Þ

where zn is the position of a neutral plane with εx = 0.
Equation 3 assumes that εx varies linearly with the distance
from the neutral plane. Equation 3 was employed to analyze
the bending deformation of LCEs induced by light irradia-
tion20 and temperature gradient.12 The following simple
expression for the curvature is obtained from eq 3

t

r
¼ εxðtÞ - εxð0Þ ¼ Δε ð4Þ

Equation 4 directly relates the curvature (1/r) with the gra-
dient of strain (Δε/t), and it explains that the curvature inc-
reases as the film is thinner if Δε is the same. Figure 8 shows
the T dependence of the reduced curvature (t/r) for HNE-36
and HNE-83. We employ the thickness measured in the flat
state (Tflat = 338 K) as t. The T dependence of t for HNEs
is expected to be small because of the cancellation of the
thickening and thinning effects. This will be demonstrated
later by a numerical simulation. In the Figure, T is reduced
by TNI (TNI = 363 and 361 K for HNE-36 and HNE-83,
respectively). As can be seen in theFigure, the reduced curves
for the films with different thicknesses collapse into a single
curve in agreement with eq 4.

εx(t) and εx(0) in eq 4, that is, the strains at the top and
bottom surfaces may be approximated by the distortions of
the nematic elastomers with globally planar and vertical
alignments (PNE and VNE, respectively). Figure 9 shows
the T dependence of the principal ratios λi (i= ), ^) in the
directions parallel and normal to the director for PNE-30
andVNE-29. In the Figure,T is reduced byTNI (TNI=375K
for PNE-30 andVNE-29). The ratio λi is defined by λi=li/li,iso,
where li and li,iso are the dimensions along the i axis in
the state of interest and high-temperature isotropic state,
respectively. The superscripts P and V denote PNE and

Figure 4. Optical micrographs of the bending deformation induced by temperature variation for HNE-83. Amovie of the temperature dependence of
bending is available in the Supporting Information.

Figure 5. Temperature dependence of the curvature 1/r ofHNE-36 and
HNE-83 in cooling (open symbols) and heating processes (filled
symbols).
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VNE, respectively. The ratio λ )

V in the director (thickness)
direction was not directly measured, and it was estima-
ted assuming the volume conservation, that is, λ )λ^

2 = 1.

In accordance with the observations in many earlier studies,
PNE andVNE exhibit uniaxial elongation along the director
when the temperature decreases in the nematic state of T <
TNI, and the deformation behavior is thermally reversible.
The T dependence of λ )

P and λ^
V, which are related to

the strains in eq 4, are apparently fitted by the following
equation12

λðQÞ ¼ 1 þ βð1 - QÞa ð5Þ
where Q is the reduced temperature defined by Q=T/TNI.
The fitted values are a=0.50 and β=0.68 for λ )

P and a=
0.60 and β=-0.31 for λ^

V. To apply λ )

P and λ^
V to eq 4, the

corresponding strain γi (i= ), ^) is defined so that γi can be
zero at Q=Qflat; that is, the reference state for the strain is
taken at Q=Qflat

γiðQÞ ¼ λiðQÞ
λiðQflatÞ - 1 ð6Þ

Here Qflat is the experimentally observed value, obtained
from Figure 8. In fact, Qflat can be predicted using a non-
linear elastic model once the quantities appearing in eqs 1, 2,
and 5 have been measured. This will be shown in the next
section. When the strains at the top and bottom surfaces in
HNEs are approximated by γ )

P and γ^
V, eq 4 becomes

t

rðQÞ ¼ γP) ðQÞ - γV^ðQÞ ð7Þ

The solid line in Figure 8 represents the values of t/r(Q)
calculated with eqs 5-7. The solid line satisfactorily des-
cribes the experimental data. For an alternative approxima-
tion, the strains in eq 6may be replaced by γ )

P andγ^
P, where

γ^
P is simply obtained by γ^

P= (λ )

P)-1/2 - 1 assuming the
volume conservation

t

rðQÞ ¼ γP) ðQÞ - γP^ðQÞ ð8Þ

The result of eq 8 is shown by the dotted curve in the Figure.
Equation 8 more successfully describes the bending defor-
mation at low temperatures in the nematic state than eq 7.
The good agreement of the experimental data with the pre-
dictions of eqs 7 and 8 suggests that (1) the strain difference
between the top and bottom surfaces in HNEs [Δε(Q)] is

Figure 6. Schematic for the mechanism of bending deformation of HNEs. The bending deformation is composed of the effects of deswelling and
temperature variation.

Figure 7. Film with a curvature of 1/r and a thickness of t. The neutral
plane with zero strain corresponds to z = zn.

Figure 8. Temperature dependence of the curvature reduced by film
thickness t/r of HNE-36 and HNE-83. The temperature is reduced by
nematic-isotropic transition temperature TNI of each specimen. Sym-
bols are the sameas inFigure 5.The solid anddotted lines correspond to
the results of eqs 7 and 8, respectively.
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almost identical with [γ )

P(Q)- γ^
V(Q)] or [γ )

P(Q)- γ^
P(Q)]

obtained from the strain data of PNE and VNE and (2)
the strain distribution in the thickness direction [εx(z)] is
well approximated by a linear function of z. The nume-
rical simulations in the following section confirm these
conclusions.

Nonlinear Elasticity: Theory and Numerical Simulations.
Wemodel the HNEs in the dry state in the framework of 3D
incompressible nonlinear elasticity. We use as reference con-
figuration the one the systemhas in the preparation state (the
wet state at reduced temperatureQ=Q0) and denote by y the
deformation, mapping the reference configuration onto the
current one. Moreover, we denote by F=ry the deforma-
tion gradient, namely, thematrixwithCartesian components
Fij = ∂yi/∂xj. Notice that we use as Cartesian coordinates
both (x1, x2, x3) and (x, y, z) with the convention that (x1=x,
x2= y, x3= z).

Following eq 26 in ref 21 and denoting by vsw the volume
change associated with deswelling, we take as elastic energy
density for unit reference volume the expression

WðFÞ ¼ vsw
1

2
μðTrðCC- 1� Þ- 3Þ ð9Þ

Here μ is a shear modulus, Tr stands for trace, C = FTF,
where FT the transpose of F, is the (right) Cauchy-Green
strain, andC*=F*

TF*, whereF* is the distortion occurring in
the material as a consequence of deswelling in the drying
process and of the temperature-dependent shape changes
associated with a change in nematic order. An explicit
formula for F* is given in eq 14 below. In addition, we model
the dry material as incompressible, leading to the constraint
det(C)=det(C*) on the determinant of C.

It is shown21 that the energy in eq 9 is minimized (at the
value zero) if and only if C = C*. This shows that F*

represents the minimal energy, stress-free state for an infi-
nitesimal volume element of the dry material at reduced
temperature,Q. Because this state arises as a consequence of
drying and then raising the reduced temperature from Q0 to
Q, we have

F� ¼ F thðQÞF sw ð10Þ

where Fsw describes deswelling effects and Fth describes the
thermal effects. We can write

F swðzÞ ¼ Λsw

) NaðzÞ þ Λsw
^ ðI - NaðzÞÞ ð11Þ

where Λsw
) and Λsw

^ are the length changes in direction
parallel and perpendicular to the director, I is the 3� 3 iden-
tity matrix, andNa is the matrix with components (Na(z))ij=
ni(z)nj(z). Here n(z) is the orientation of the nematic director
at position z. Consistent with Figure 1, we use a linear
variation of the director angle with z, which is the equilibri-
um configuration for the nematic liquid before cross-linking.
Then, the Cartesian components ofNa in the reference frame
(x, y, z) are

NaðzÞ ¼
cosðjðzÞÞ2 0 cosðjðzÞÞ sinðjðzÞÞ

0 0 0

cosðjðzÞÞ sinðjðzÞÞ 0 sinðjðzÞÞ2

2
664

3
775

ð12Þ
where j(z) = πz/(2t). Let us note that the volume change
associated with deswelling is given by vsw = Λ )

sw(Λ^
sw)2.

Moreover, we have

F thðz,QÞ ¼ Λ )ðQÞ
Λ )ðQ0ÞNaðzÞ þ Λ^ðQÞ

Λ^ðQ0ÞðI - NaðzÞÞ

¼ Λ )ðQÞ
Λ )ðQ0ÞNaðzÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ )ðQ0Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ )ðQÞp ðI - NaðzÞÞ ð13Þ

where Λ )(Q) and Λ^(Q) are the length changes in direction
parallel andperpendicular to thedirector,Λ )(Q) is givenbysome
empirical formula, such as eq 5, and Λ^(Q)= (Λ )(Q))-1/2 by
volume conservation.

Using eqs 10, 11, and 13, we finally obtain

F�ðz,QÞ ¼ Λ )ðQÞΛsw

)

Λ )ðQ0Þ NaðzÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ )ðQ0Þ

p
Λsw

^ffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ )ðQÞp ðI - NaðzÞÞ

ð14Þ

Figure 9. Temperature dependence of principal ratios (λ) parallel ( )) and normal (^) to the director for (a) PNE-30 and (b) VNE-29 in cooling (open
symbols) andheatingprocesses (filled symbols).The solid lines correspond to the fitted results of eq 5.The fitted values ofa andβ for PNE-30 andVNE-
29 are a = 0.50 and 0.60 and β = 0.68 and -0.31, respectively.
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Notice that, in view of eq 12, we have in particular

ðC�ðz,QÞÞ11 ¼ Λ2

)ðQÞðΛsw

) Þ2
Λ2

)ðQ0Þ
-

Λ )ðQ0ÞðΛsw
^ Þ2

Λ )ðQÞ

 !
cos2

π

2

z

t

� �

þ Λ )ðQ0ÞðΛsw
^ Þ2

Λ )ðQÞ ð15Þ

A flat, stress-free state of thematerial under dry conditions is
possible if we have simultaneously C=C* (stress-free state)
and thatF (and henceC) is diagonal in the (x, y, z) frame (flat
state). This corresponds toC=C*=(νsw)2/3I, and it requires
that

Λ )ðQflatÞΛsw

)

Λ )ðQ0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ )ðQ0Þ

p
Λsw

^ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ )ðQflatÞ

p ð16Þ

From the last equation, we easily obtain explicit formulas for
Λ )(Qflat) because Λ||,flat=Λ )(Qflat)= (Λ^

sw/Λ )
sw)2/3Λ )(Q0).

Moreover, using eq 5 forΛ^(Q), we also obtain a formula
for Qflat

Qflat ¼ 1-
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ ), flat

p
- 1

β

 !1=a

ð17Þ

Using the values measured for specimen VNE-29, that is,
Λ )

sw=R )=0.87,Λ^
sw=R^=0.71, a=0.6, and β=-0.31,

we obtainQflat=0.98, and hence Tflat=354 K. This slightly
overestimates the value 338 K observed for the specimens
with hybrid geometry. However, the value of Tflat calculated
using eq 17 is very sensitive to the choice of material para-
meters, and a small change in the swelling stretches leads to a
much better match with the experimental observation. Indeed,
usingΛ )

sw=0.83,Λ^
sw=0.74, a=0.6, and β=-0.31, and

substituting these values in eq 17, we obtain Tflat = 339 K,
which is in good agreement with the observed value (338 K).

Equations 14 and 15 show that the case Q=Qflat is the
only one where one can have F* and C* that are spatially
uniform. Whenever Q 6¼ Qflat, F* and C* have a nontrivial
dependence on z: they will then induce distortions that are
not kinematically compatible and give rise to internal elastic
stresses. In these cases, the film will not deform according to
F*(z,Q), which is the behavior we would observe if layers of
infinitesimal thickness, dz, at different heights, z, could de-
form independently. To find the correct deformation, y, its
gradient F=ry, and strain C=FTF, it is necessary to solve
the equilibrium equations, which express vanishing of the
total force. They read as

X3
k¼1

D
Dxk

Tikðry, pÞ ¼ 0 ð18Þ

where p is the pressure, reaction to the volume preservation
constraint det(C)=det(C*), andT is theCauchy stress tensor

TijðF , pÞ ¼ 1

detðFÞ
DWðFÞ
DFik

Fjk - pδij

¼ vsw

detðFÞ μ
X3
h, k¼1

FihðC- 1� ÞhkFjk - pδij ð19Þ

In the equations above, the components of C* appear as
known coefficients, calculated according to eq 15. They are
the data driving the (a priori unknown) deformation, F, of
the system. The equilibrium values for these deformations

are determined by solving eqs 18 and 19. To distinguish
between the solutions and the data of the elastic equilibrium
problem in eqs 18 and 19, in what follows, we will call F and
C equilibrium deformation and equilibrium strain, whereas
we will call F* and C* distortion and distortional strain.

We solve eqs 18 and 19 numerically by implementing in the
finite-element software COMSOL Multiphysics the non-
linear elastic problem based on the energy density given by
eq 9, in which we use eq 14 and the values in Table 2 as the
material parameters. Snapshots of the equilibrium deforma-
tions of a film (of thickness 83.4 μm at Tflat=339 K) resul-
ting from drying and temperature changes are shown in
Figure 10. The highly nonhomogeneous deformations in a
boundary layer near the clamped end are due to the fact that
in the simulations we assume that all components of the
displacements vanish at the constrained end. A complete
movie of the equilibrium deformations is available in the
Supporting Information.

The thickness of the film is relatively insensitive to thermal
variations. The following estimates are obtained from the de-
formed shapes of Figure 10: t(Q0) = 84 μm, tflat = t(Qflat) =
83.4 μm, and t(1)=82.7 μm. This result supports the assump-
tion of the T-independent t used in eq 4 and Figure 8 in the
former section. The distribution of strains and stresses along a
fiber parallel to z at the center (x=L/2, y=W/2) of the sample
are plotted in Figures 11-13. As for strains, we consider those
relative to the configuration of the system at Qflat, which is
obtained from the reference one (preparation state) by the
deformation Fflat: Fflat=F*(z,Qflat)= (vsw)1/3I. Deformations
and distortions relative to this flat configuration are given by
Frel=F(Fflat)

-1 and F*
rel=F*(z,Qflat)(Fflat)

-1=(vsw)-1/3F*(z,
Qflat), respectively. Moreover, we define equilibrium and dis-
tortional strains relative to the flat configuration as

Crel ¼ ðF relÞTF rel ¼ 1

vsw

� �2=3

C ð20aÞ

Crel� ¼ ðF rel� ÞTF rel� ¼ 1

vsw

� �2=3

C� ð20bÞ

Finally, we introduce the equilibrium and distortional strain
measures εij=(Crel- I)ij/2, ε*ij=(C*

rel- I)ij/2, which are those
used to define the linear strains of linear elasticity (in the regime

Table 2. Values of the Material Parameters Used in the Numerical
Simulationsb

thickness (μm) TNI (K) Λsw

) Λsw
^

35.5a 363 0.83 0.74
83.4a 361 0.83 0.74

aValues at 339 K in the dry and flat states, corresponding to 46 and
108 μm in the preparation state. b In addition, we useΛ )(Q)= (1- β(1-
Q)a)-1/2 with a = 0.6 and β = -0.31

Figure 10. Snapshots from the numerical simulations of thermal bend-
ing of a film whose thickness at 339K is 83.4 μm. Specimen dimensions
areL=2000μm,W=500 μm, and t=108μm in the preparation state
(wet, nematic,T=313K). From left to right: dry state atT=313, 338,
and 361K.The bounding box corresponds to the preparation state. The
vertical cross-section and the vertical line used for the evaluations of
stress and strain are highlighted. A complete movie of the equilibrium
deformations is available in the Supporting Information.
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of small deformations). In Figure 11, we plot the equilibrium
strain, εx(z)=ε11(z), and the distortional strain, εx*(z)=ε11* (z),
along a fiber parallel to z at the center (x=L/2, y=W/2) of the
sample. We notice that the equilibrium strains vary linearly
along the thickness, in agreement with the kinematic compat-
ibility equation (∂2εxx/∂z

2)þ (∂2εzz/∂x
2)=2(∂2εxz/∂z∂x), which

forces linear dependence of εx on z when the other strain
components are independent of x. In contrast, the distorti-
onal strains are not kinematically compatible, being given by

ε
�
xðzÞ ¼ ε

�
11ðzÞ ¼ 1

2
ðCrel� ðzÞ11 - 1Þ

¼ 1

2

1

vsw

� �2=3

ðC�ðzÞ11 - 1Þ ¼ A þ B cos2
π

2

z

t

� �
ð21Þ

where the constant A and B are given by

A ¼ 1

2ðvswÞ2=3
ðΛ )ðQ0Þ

ðΛsw
^ Þ2

Λ )ðQÞ- 1Þ ð22aÞ

B ¼ 1

2ðvswÞ2=3
ðΛ2

)ðQÞ ðΛ
sw

) Þ2
Λ2

)ðQ0Þ
- Λ )ðQ0Þ

ðΛsw
^ Þ2

Λ )ðQÞÞ ð22bÞ

in view of eq 15. The elastic stresses arising in the film fill the
gap between the equilibrium strains and the incompatible
distortional strains. In Figure 12, we plot the normal com-
ponent σ(z) of the Cauchy stress on the cross section shown
in Figure 11, normalized by the shear modulus, μ. The
complicated shape of the profile is not surprising in view of
the fact that this stress distribution must be self-equilibrated
(eq 18, which implies, in particular, zero resultant force and
moment) and that the distribution of incompatible strains is
not symmetric about the midplane z= t/2.

Finally, we estimate the temperature dependence of the
film curvature using eq 4

1

r
¼ εxðtÞ- εxð0Þ

tflat
ð23Þ

in which we use the equilibrium strains obtained with our
finite element calculations performed at various temperatures
(such as the ones plotted in Figure 11). The plots of the

curvature 1/r according to eq 23 for films with thicknesses 83
and 36μmat 339Kare given inFigure 13,where they are also
compared with the experimental measurements. Note that
the analysis in the former section (eqs 7 and 8 andFigure 8) is
made by assuming the difference in (a priori known) distor-
tional strains [εx*(t)- εx*(0)] as the difference in equilibrium
strains [εx(t) - εx(0)] in eq 23. Although this assumption is
not true, as demonstrated in Figure 11, the resultant error is
considerably small, which is evident from no significant
difference in the fitting quality between Figures 8 and 13.
This indicates that the temperature dependence of the cur-
vature is well reproduced by the approximate formula

1

r
¼ ε

�
xðtÞ- ε

�
xð0Þ

tflat

¼ 1

2tflatðvswÞ2=3
Λ )ðQ0ÞðΛsw

^ Þ2
Λ )ðQÞ -

Λ2

)ðQÞðΛsw

) Þ2
Λ2

)ðQ0Þ

 !
ð24Þ

Figure 11. Equilibrium strain (solution of equilibrium equation, dashed
lines), εx = (Crel - I )11/2, and distortional strain, ε*x = (C*,rel - I )11/2
(solid lines), along the film thickness at the center (x=L/2, y=W/2) of
the sample from the numerical simulations of thermal bending of a film
whose thickness at 339 K is 83.4 μm.

Figure 12. Nondimensional Cauchy stress σ/μ along the film thickness
at the center (x=L/2, y=W/2) of the sample from the numerical simu-
lations of thermal bending of a filmwhose thickness at 339K is 83.4 μm.
μ is the shear modulus. Positive sign denotes tensile stresses. (σ repre-
sents the normal component of the Cauchy stress on the cross section
shown in Figure 11.)

Figure 13. Temperature dependence of the curvature obtained from
the numerical simulations of films whose thicknesses at 339 K are 35.5
and 83.4 μm: numerical simulations (solid lines) versus experimental
data of HNE-36 ([) and HNE-83 (b).
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where εx*(t)- εx*(0)=-B is given by the expression in eq 22.
Equation 24 involves only quantities that are easily obtained
from the thermomechanical response of nematic elastomers
with globally uniform (either planar or vertical) alignment
and does not require the nontrivial task of solving the
equilibrium equation (eq 18). Equation 24maybe considered
a useful empirical formula to predict the thermally bending
behavior of the nematic elastomers with hybrid alignment of
the director on the basis of the thermomechanical data of the
elastomers with globally planar or vertical alignment.

Conclusions

The nematic elastomers with hybrid alignment (HNEs) exhibit
a giant bending deformation induced by temperature (T) varia-
tion. The film specimen prepared in the nematic gel state
significantly curls when undergoes deswelling (volume reduction)
to the dry elastomer state. The dried elastomer film shows the
markedly T-dependent curvature in the low-temperature nema-
tic state. The curvature increases when heated from the film
preparation temperature, and the film becomes flat at a certain
temperature (Tflat). The film curls in the opposite direction by
further heating. TheT dependence of curvature is explained using
the data of thermal uniaxial strain for the nematic elastomers
with globally planar or vertical alignment under the assumption
that the strain linearly varies in the thickness direction of the
HNEs. We propose a nonlinear elasticity model to describe the
effects of deswelling and temperature variation on the bending
behavior. The numerical simulationwith thematerial parameters
that are close to the corresponding experimental values repro-
duces the T-dependent bending deformation including Tflat.
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